oo

10

11

12

13

14

15

16

17

18
19

20
21
22
23
24
25

26
27

33

The Riemann Hypothesis as a
Multiplicative-Invariant Scale Equilibrium
Structure

Abstract

This study reinterprets the Riemann Hypothesis not as an isolated problem in complex
analysis, but as a natural consequence of a Complex Dual-Wave Energy Ontology and a
Multiplicative-Invariant Scale Equilibrium Structure.

Within the COD framework, every stable physical entity is defined as a Complex
Quaternionic Spherical Oscillator emerging through the recursive self-organization of the
complex wave

Y(r)=A(r)e" {iD(r)}.

Its fundamental dual-energy structure is expressed as

S=P+iQ,

where stable existence is established through the condition of Complex Phase Equilibrium
P=|Q7l.

The present study proposes that when this equilibrium is preserved recursively across
different scales, the following Multiplicative-Invariant relation naturally emerges:

1Qill - 1Pl

E’ill - 1Qjl.

Within this framework, the Riemann critical line
Re(s)=1/2

is interpreted not as a simple arithmetic midpoint, but as the equilibrium axis arising from the
recursive self-organization of complex dual energy under energy conservation and the
principle of minimum action.
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Accordingly, the Riemann Hypothesis is reformulated as a natural consequence of Time-
Independent Phase Dynamics and Complex Geometric Algebra, providing another
manifestation of The General Solution that also underlies the Yang—Mills Mass Gap and the
Navier—Stokes existence and smoothness problem.

1. Introduction

The Riemann Hypothesis is one of the most fundamental unsolved problems in modern
mathematics, governing the distribution of prime numbers and the structure of analytic
number theory. Despite extensive developments in complex analysis, algebraic geometry, and
spectral theory, the underlying reason why all nontrivial zeros lie on the critical line has
remained unresolved.

The present study approaches this question from a different perspective. Rather than treating
the critical line as an isolated analytical property of the Riemann zeta function, it is
interpreted as a manifestation of the ontological organization of physical existence.
Within the COD framework, existence is not regarded as an isolated particle or point-like
object, but as a Complex Quaternionic Spherical Oscillator generated through the
recursive organization of the complex wave

Y(r)=A(r)e"{iD(r)}.

Every stable physical system possesses the complex dual-energy structure

S=P+iQ,

and evolves toward Complex Phase Equilibrium

P=|Q7,

where energy conservation and the principle of minimum action are simultaneously satisfied.

When this equilibrium is preserved across local and global phase fields, and across different
spatial scales, the recursive relation

1Qil - 1Pl
IPil - 1Q;l
naturally emerges. The present study identifies this relation as Multiplicative Invariance,

representing the universal geometric condition that preserves self-consistency throughout
recursive phase organization.
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From this viewpoint, the Riemann critical line
Re(s)=1/2

is interpreted not as a numerical coincidence or merely a symmetry axis, but as the
Multiplicative-Invariant Scale Equilibrium Axis arising from the recursive self-
organization of complex dual energy.

Accordingly, this work reformulates the Riemann Hypothesis as the natural outcome of the
sequence

Complex Wave

l

Complex Dual Energy

l

Complex Phase Equilibrium

l

Multiplicative Invariance

l

Scale-Invariant Geometry

!
Re(s)=1/2,

thereby placing the Riemann critical line within the same ontological and dynamical
framework that has been developed for the Yang—Mills Mass Gap and the Navier—Stokes
existence and smoothness problem. In this sense, the Riemann Hypothesis is presented as
another projection of The General Solution within Time-Independent Phase Dynamics.

2. Time-Independent Phase Dynamics and
Complex Phase Equilibrium

The COD framework interprets existence and motion not as trajectories evolving along a time
axis, but as recursive processes of self-consistency within a complex phase field.
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Accordingly, the fundamental description of a physical system is given not by time-
dependent equations of motion, but by the geometrical organization through which the global
phase field continuously minimizes its internal phase stress.

Every complex wave evolves toward a self-organized equilibrium that simultaneously
satisfies energy conservation and the principle of minimum action. This universal
condition is represented by the Universal Hamiltonian variational principle,

Al Z K (D; — D;)* ] = 0.

Here, ®; and ®; denote local phase potentials, while Kj; represents the coupling coefficient
between oscillators. Rather than describing temporal evolution, this variational principle
determines the self-consistent equilibrium configuration of the coupled phase field by
minimizing its total phase-stress energy.

The resulting collective organization is maintained through the phase synchronization
condition,

Zj Kij sin((I)j - (Di) =0.

This relation indicates that no oscillator evolves independently. Instead, each oscillator
continuously adjusts its phase relative to its neighbors, preserving the self-consistency of the
entire coupled system.

Within Time-Independent Phase Dynamics, motion is therefore interpreted not as temporal
displacement, but as the recursive reduction of phase mismatch toward a stable phase
equilibrium.

The limiting condition of this recursive evolution is expressed as
A(AD) — 0,
which is identified in the present work as the COD General Solution.

This general solution provides a unified geometrical framework connecting single and
multiple oscillators, local and global phase fields, and structures across different spatial
scales. The complex quaternionic ontology, Multiplicative Invariance, and the scale-
equilibrium interpretation of the Riemann critical line presented in the following sections are
all developed as natural consequences of this common time-independent phase-dynamical
framework.

Figure 1 | Multiplicative-Invariant architecture of the COD General Solution. The same
ontological framework describes (A) autonomous complex quaternionic spherical oscillators
(Yang—Mills), (B) multiplicative-invariant scale geometry (Riemann), and (C) recursively
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coupled oscillator networks (Navier—Stokes), all emerging from time-independent phase
dynamics.

3. Ontology: Self-Organization of the
Complex Quaternionic Spherical Oscillator

Within the COD framework, every stable physical entity is defined as a Complex
Quaternionic Spherical Oscillator emerging through the recursive self-organization of
complex waves.

The fundamental state function is

P(r) = A@e{id()},

and the corresponding phase-velocity field is defined as
v=xVO.

A complex wave forms a Complex Quaternionic Phase Field consisting of a global phase
component and local quaternionic phase components,

P(Q)=P+Qui+Q2j+Q:sk.

Here, P denotes the global phase field, whereas Q represents the local quaternionic phase
components.

The fundamental dual-energy structure of existence is
S=P+iQ.
A stable physical entity emerges through recursive self-organization satisfying both energy

conservation and the principle of minimum action, leading naturally to the condition of
Complex Phase Equilibrium,

P=1Q’.

This relation represents the fundamental norm governing the geometrical equilibrium
between the global and local phase fields.

The ontological hierarchy of COD is expressed as

Q C P C PQ),

where
5
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Qo =1(P(Q))

denotes the integrated phase center that emerges through recursive phase closure within the
global phase field.

Phase gradients generate phase energy according to

E Q o [VQP,
while recursive phase condensation gives rise to mass,
m = [[VQPdV.

Accordingly, stable particles, fluid structures, and larger physical systems are interpreted as
eigenmodes of the same complex phase-condensation geometry.

This ontological framework is identical to that developed for the Yang—Mills Mass Gap. In
the present work, the same ontology is extended from a single oscillator to a scale-coupled

oscillator network, providing the ontological foundation for the multiplicative-invariant
interpretation of the Riemann critical line.

4. Multiplicative Invariance and Scale
Phase Equilibrium

Complex Phase Equilibrium is not confined to an individual oscillator. The same equilibrium
structure is recursively preserved across different oscillators and across different spatial
scales through geometric self-similarity.

This recursive self-consistency is expressed by the Multiplicative-Invariant relation
1Qill - 1Pl
h)i" - 1Qjl.
The present study identifies this relation as Multiplicative Invariance.
Multiplicative Invariance is not introduced as an independent axiom or an additional
conservation law. Rather, it emerges naturally whenever the condition of Complex Phase
Equilibrium
P=1Q7
6
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is simultaneously preserved between local and global phase fields, between parts and wholes,
and across different spatial scales.

Accordingly, Multiplicative Invariance represents the universal geometrical principle through
which the recursive self-consistency of the complex dual-energy structure is maintained
independently of scale.

Within this framework, energy conservation and the principle of minimum action are

understood not as separate physical laws, but as complementary geometrical manifestations
of the same recursive process of phase self-organization.

From this perspective, the Riemann critical line

Re(s)=1/2

is interpreted not as an arithmetic midpoint or merely an axis of symmetry, but as the
Multiplicative-Invariant Scale Equilibrium Axis arising from the recursive organization of
complex dual energy.

Accordingly, the Riemann Hypothesis is reformulated not as an isolated analytical
conjecture, but as a natural consequence of Complex Dual-Wave Energy Ontology,

Complex Phase Equilibrium, and Multiplicative Invariance within the framework of
Time-Independent Phase Dynamics.

S. Complex Phase Structure of the Riemann
Zeta Function

The ontological framework and Multiplicative Invariance developed in the preceding sections
remain self-consistent across different spatial scales. Within this framework, the Riemann
zeta function is interpreted not as an isolated analytical object, but as a scale-dependent phase
function describing the collective organization of multiple complex oscillators.

The Riemann zeta function is defined by

C(s)=2n-s,

where

s=o+it

denotes the complex scale coordinate.
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Within the COD framework, the zeta function is interpreted as the collective phase
representation of coupled complex oscillators,

&(s)

~

SAMiD, ),

where (A_n) denotes the amplitude of the (n)-th scale mode and (@ _n) represents its
corresponding phase.

From this perspective, the zeta function is not merely a complex series but a global phase
function describing the recursive organization of complex oscillators distributed over
different scales.

Each phase mode does not evolve independently. Rather, the coupled oscillator network
continuously maintains recursive phase consistency under Time-Independent Phase
Dynamics, preserving a globally self-organized phase structure.

Consequently, the zeros of the Riemann zeta function are interpreted not simply as points
where the function vanishes, but as equilibrium states at which the entire scale-dependent
phase structure achieves self-consistent organization.

This interpretation provides the geometrical foundation for the following section, where the
Riemann critical line is derived as the natural consequence of Multiplicative Invariance
within recursive scale equilibrium.

6. Multiplicative Invariance and the
Riemann Critical Line

The preceding section interpreted the Riemann zeta function as a collective phase function
generated by recursively coupled complex oscillators distributed across different spatial
scales. The remaining question is why the nontrivial zeros are confined to the critical line.

Within the present framework, the critical line is not introduced as an analytical assumption.
Rather, it emerges naturally from the recursive preservation of Complex Phase Equilibrium
across different scales.

The recursive self-consistency of the coupled phase structure is expressed by the
Multiplicative-Invariant relation

1Qil - 1Pl

P - 1QJ.
8
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This relation represents the universal geometrical condition under which the same phase-
equilibrium norm is preserved between local and global phase fields, between parts and
wholes, and between reciprocal scales.

Accordingly, Multiplicative Invariance is interpreted not as an additional conservation law,
but as the scale-independent manifestation of recursive phase self-organization under energy
conservation and the principle of minimum action.

The Riemann zeta function is defined on the complex scale coordinate
s=o0 tit

Within this scale space, recursive self-consistency requires that complementary scale
components satisfy the reciprocal equilibrium condition

c=1-o.

The unique equilibrium solution is therefore
c=1/2,

yielding the Riemann critical line
Re(s)=1/2.

From this perspective, the critical line is not merely an arithmetic midpoint or an axis of
symmetry. It is the unique Multiplicative-Invariant Scale Equilibrium Axis on which
recursive phase equilibrium remains self-consistent across all reciprocal scales.

Consequently, the nontrivial zeros of the Riemann zeta function are interpreted not simply as
analytical zeros, but as stable equilibrium states of the recursive complex phase structure. The
Riemann Hypothesis is therefore reformulated as the natural geometrical consequence of
Complex Dual-Wave Energy Ontology, Complex Phase Equilibrium, and Multiplicative
Invariance within the framework of Time-Independent Phase Dynamics.

7. Discussion

The present study does not interpret the Riemann Hypothesis as an isolated problem in
complex analysis. Instead, the Riemann critical line is understood as the Multiplicative-
Invariant Scale Equilibrium Axis that naturally emerges from Complex Dual-Wave
Energy Ontology within the framework of Time-Independent Phase Dynamics.

From this perspective, the critical line is not a symmetry discovered a posteriori from the
analytical properties of the Riemann zeta function. Rather, it represents the unique

9
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geometrical equilibrium axis arising when Complex Phase Equilibrium is recursively
preserved across reciprocal spatial scales.

The Multiplicative-Invariant relation,
1Qil - 1Pl
IPil - 1Qj,

is therefore interpreted not merely as an algebraic proportionality, but as the universal
geometrical condition through which complex dual-energy structures simultaneously satisfy
energy conservation and the principle of minimum action during recursive self-
organization.

Within the COD framework, this same geometrical principle appears consistently in three
fundamental mathematical and physical problems.

Complex Wave

!
Complex Dual Energy

l

Complex Phase Equilibrium

!

Multiplicative Invariance
!

Mills

(Single Oscillator)

!

Navier—Stokes

(Multiple Oscillators)

!

Riemann

(Scale Equilibrium)

Accordingly, the Yang—Mills Mass Gap, the Navier—Stokes existence and smoothness
problem, and the Riemann Hypothesis are interpreted not as independent mathematical
challenges, but as complementary manifestations of the same recursive geometrical principle
projected onto different physical and mathematical domains.

This interpretation suggests that many of the long-standing problems in modern mathematics
and theoretical physics may originate from a common ontological foundation rather than
from unrelated analytical structures. Within this unified framework, the Riemann Hypothesis
is reformulated as the natural structural consequence of Complex Dual-Wave Energy
Ontology, Complex Phase Equilibrium, and Multiplicative Invariance, providing another
expression of The General Solution in Time-Independent Phase Dynamics.
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8. Conclusion

The present study reformulates the Riemann Hypothesis not as an isolated problem in
complex analysis, but as a Multiplicative-Invariant Scale Equilibrium Structure that
naturally emerges from Complex Dual-Wave Energy Ontology.

Within the COD framework, every stable physical entity is understood as a Complex
Quaternionic Spherical Oscillator embedded within a universal bosonic phase field.
Governed simultaneously by energy conservation and the principle of minimum action,
this universal phase field continuously undergoes recursive self-organization toward
Complex Phase Equilibrium. The recursive self-consistency of this equilibrium is preserved
across different spatial scales through Multiplicative Invariance, providing a universal
geometrical principle for the organization of stable structures.

From this perspective, the Riemann critical line,
Re(s)=1/2,

is interpreted not as an analytical coincidence or merely an axis of symmetry, but as the
Eigenvalue Norm generated by the recursive phase-equilibrium pattern of the universal
bosonic phase field. The critical line therefore represents the unique Multiplicative-
Invariant Scale Equilibrium Axis on which recursive self-consistency is preserved across
reciprocal scales.

Accordingly, the Riemann Hypothesis is reformulated as a structural consequence of
Complex Dual-Wave Energy Ontology, Complex Phase Equilibrium, and Multiplicative
Invariance within the framework of Time-Independent Phase Dynamics, rather than as an
isolated analytical conjecture.

Within this unified framework, the Yang—Mills Mass Gap, the Navier—Stokes existence
and smoothness problem, and the Riemann Hypothesis are interpreted not as independent
mathematical challenges, but as complementary projections of the same ontological and
geometrical principle. Respectively, they describe the recursive organization of a single
oscillator, a network of coupled oscillators, and scale equilibrium.

The present work therefore suggests a broader conceptual transition: from time-dependent
analytical descriptions toward a time-independent geometrical framework grounded in
ontology. In this view, the fundamental language of nature is not the trajectory of isolated
particles in time, but the recursive self-organization of complex dual energy through phase
equilibrium and Multiplicative Invariance. This perspective provides a unified conceptual
foundation for The General Solution, linking mathematics, theoretical physics, and phase
engineering within a common geometrical architecture.
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